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Abstract
A digraph T is strong if for every pair of vertices u and v there exists a directed path from u to v
and a directed path from v to u. Denote the in-degree and out-degree of a vertex v of T by d−(v) and
d+(v), respectively. We deﬁne −(T ) = minv∈V (T ){d−(v)} and +(T ) = minv∈V (T ){d+(v)}. Let
T0 be a 7-tournament which contains no transitive 4-subtournament. In this paper, we obtain some
conditions on a strong tournament which cannot be partitioned into two cycles.We show that a strong
tournament T with n6 vertices such that TT0 and max{+(T ), −(T )}3 can be partitioned
into two cycles. Finally, we give a sufﬁcient condition for a tournament to be partitioned into k cycles.
© 2004 Elsevier B.V. All rights reserved.
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1. Introduction and notation
A digraph is called strongly connected or strong if for every pair of vertices u and v there
exists a directed path from u to v and a directed path from v to u. A digraph is disconnected
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if it is not strong. Let k be a positive integer. A digraph T is k-connected if it is strong
and the resulting graph after removing any set of fewer than k vertices is also strong. A
digraph T can be partitioned into k subgraphs T1, T2, . . . , Tk , if
⋃k
i=1V (Ti) = V (T ) and
V (Ti) ∩ V (Tj )= ∅ (1 i < jk).
It is well-known that every tournament contains a directed hamiltonian path and every
strong tournament contains a directed hamiltonian cycle. Conversely, a tournament is strong
if it contains a directed hamiltonian cycle.
Let T be a tournament with vertex set V (T ) and arc set E(T ). We denote the number
of vertices of T by |V (T )| or |T |. A tournament (a subtournament, resp.) T with |T | = n
will be called an n-tournament (n-subtournament, resp.). IfA={v1, v2, . . . , vm} is a subset
of V (T ), 〈A〉 denotes the subtournament of T induced by A. We also write T − A for
〈V (T ) − A〉. In particular, if A = {v}, we denote 〈V (T ) − v〉 by T − v. If no confusion
arises, 〈v1, v2, . . . , vm〉 will be used to denote 〈A〉 which contains a directed hamiltonian
path v1v2 · · · vm. The vertices v1 and vm are called the ﬁrst vertex and the last vertex of the
path, respectively. If T − v has more connected components than T, then the vertex v is
called a cut vertex, and otherwise it is called a non-cut vertex. Denote the in-degree and out-
degree of a vertex v in T by d−(v) and d+(v), respectively. Put −(T )=minv∈V (T ){d−(v)}
and +(T )=minv∈V (T ){d+(v)}.
If (u, v) is an arc in T, then u dominates v and we denote as u ⇒ v or v ⇐ u. A set
A ⊆ V (T ) dominates a set B ⊆ V (T ) (denote as A ⇒ B or B ⇐ A ) if every vertex of A
dominates every vertex of B.
LetP=v1v2v3 · · · vn be a directed hamiltonian path of an n-tournamentT. T is a transitive
tournament if vi ⇒ vj whenever 1 i < jn. v1 and vn are called the ﬁrst vertex and the
last vertex of the transitive tournament, respectively. Clearly, a transitive tournament is
not strong. T is an almost transitive tournament if vk ⇒ vk+1 and vj ⇒ vi whenever
1kn−1 and 1 i < j −1n−1. The vertices v1 and vn are called the ﬁrst vertex and
the last vertex of the almost transitive tournament, respectively. If T is an almost transitive
n-tournament, then T consists of an isolated vertex when n = 1, T consists of only an arc
when n= 2, T is a strong triangle when n= 3 and T is strong when n3. Denote by T0 the
7-tournament which contains no transitive 4-subtournament.
For a directed cycle or a directed path C in a tournament T and any vertex v ∈ V (C),
denote by v+C the successor of v on C and by v
−
C the predecessor of v on C (If no confusion
arises, v+ and v− will be used to denote v+C and v
−
C , respectively.) and we deﬁne C[u, v]
as the subpath (or the consecutive segment) of C from u to v.
Other notation and terminology not deﬁned here can be found in [1].
Bollobás posed the following problem about partitions of a tournament into disjoint
cycles (see [3]).
Problem 1. If k is a positive integer, what is the least integer g(k) so that all but a ﬁnite
number of g(k)-connected tournaments contain k vertex-disjoint cycles that span V (T )?
Clearly, g(1) = 1. In the following two theorems, we have g(2) = 2 due to Reid [3]
and g(k) = k proved by Chen, Gould and Li in 2001 [2]. So, problem 1 has been solved
completely.
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Theorem 1 (Reid [3]). If T is a 2-connected n-tournament, n6, and T is not T0, then T
contains two vertex-disjoint cycles that span V (T ). That is, T can be partitioned into two
cycles. In particular, one of the two cycles can be a triangle.
Theorem 2 (Guantao Chen et al. [2]). Every k-connected n-tournament T with n8k
contains k vertex-disjoint cycles that span V (T ).
In 1993 [4], Song posed a problem which is stronger than problem 1.
Problem 2 (Zengmin Song [4]). If k is a positive integer, what is the least integer f (k) so
that all but a ﬁnite number of f (k)-connected n-tournaments contain k vertex-disjoint cycles
of lengths n1, n2, . . . , nk where n1 + n2 + · · · + nk = n and ni3 for all i = 1, 2, . . . , k?
Clearly, f (1)=g(1)=1 and f (k)g(k) holds for every k. The following theorem shows
that f (2)= g(2)= 2. Song conjectured that f (k)= g(k).
Theorem 3 (Zengmin Song [4]). Let T be a 2-connected n-tournament with n6. Then T
can be partitioned into two cycles of lengths s and n− s for any integer with 3sn− 3
unless T is isomorphic to T0.
Motivated by the above problems and results, we are interested in structures of those
strong tournaments that cannot be partitioned into two cycles. Clearly fromTheorem 1, such
tournaments are not 2-connected. Then by using these structures, we give new sufﬁcient
conditions for a tournament to be partitioned into certain number of cycles.
The following theorem is our main result which gives a condition of a strong tournament
that cannot be partitioned into two cycles.
Theorem 4. Let T be a strong n-tournament, TT0, with n6 and p cut vertices. If T
cannot be partitioned into two cycles then
(1) −(T )2, +(T )2 and
(2) an arbitrary directed hamiltonian cycle of T can be partitioned into two consecutive
segments Q and L, where Q is a transitive (n − l)-subtournament, L is an almost
transitive l-subtournament and l = p, p + 1 or p + 2.
Moreover, all cut vertices of T are consecutive on an arbitrary directed hamiltonian cycle
and are included in L.
Note that p1 in Theorem 4 since T is not 2-connected. We also note that in Theorem
4, all non-cut vertices are consecutive in an arbitrary directed hamiltonian of T and they,
except at most two vertices, form a transitive subtournament Q.
Directly from Theorem 4, we obtain a corollary as follows.
Corollary 5. Let T be a strong n-tournament with n6. If max{−(T ), +(T )}3 and
TT0, then T can be partitioned into two cycles.
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The following example shows that the condition max{−(T ), +(T )}3 in Corollary 5
is sharp and hence it can be neither omitted nor improved.
Example. Let T ′ be a n-tournament with a directed hamiltonian cycle
v1v2v3v4 · · · vn−5vn−4vn−3u1u2u3v1,
where n9, such that 〈v1v2v3v4 · · · vn−5vn−4vn−3〉 is a transitive subtournament of T ′
and T ′ contains the arcs u1 ⇒ u2, u1 ⇒ vn−4, T − {u1, u2, vn−4} ⇒ u1, u2 ⇒
{u3, v1, v2, v4, . . . , vn−5}, {v3, vn−4, vn−3, u1} ⇒ u2, u2 ⇒ u3, v2 ⇒ u3 and u3 ⇒
T − {v2, u2, u3}. T ′ is a strong n-tournament with −(T ′) = d−(v1) = 2 and +(T ′) =
d+(vn−3)= 2. We can verify directly that T ′ cannot be partitioned into two cycles.
For any tournament T, let q = q(T ) be the maximum number of vertices in a transitive
subtournament in T. Another main result we get in this paper is the following.
Theorem 6. Let T be a strong n-tournament with n6 and k be an arbitrary positive
integer. If q(T )(n− 9k + 8)/2, then T can be partitioned into k cycles.
Note that q2 and thus n9k − 4.
We will prove the new results in Section 2.
2. Proofs of main results
Proof of Theorem 4. By Theorem 1 and the hypothesis of Theorem 4, T is 1-connected
and is not 2-connected. Let C be an arbitrary directed hamiltonian cycle of T. There exists
a cut vertex u1 of T such that T − u1 is not strong. The strong components of T − u1
can be ordered, say as A1, A2, . . . , Am, so that Ai ⇒ Aj whenever 1 i < jm. Clearly,
u+1 ∈ A1 and u−1 ∈ Am. A1 and Am are called the ﬁrst and the last strong component of
T − u1, respectively.
Deﬁne R = {y ∈ Am | y ⇒ u1} and S = {y ∈ A1 |u1 ⇒ y}. We know that u−1 ∈ R,
1 |R| |Am| and u+1 ∈ S, 1 |S| |A1|.
Since T cannot be partitioned into two cycles, it is clear that m2, and
|A2| = |A3| = · · · = |Am−1| = 1.
So, we assume Ai = {vi} whenever 2 im− 1 and u+1 ∈ A1.
Claim 1. We can choose such a vertex u1 so that A1 does not contain a cut vertex of T.
Proof of Claim 1. Assume that A1 contains a cut vertex of T. The proof is divided into a
few cases according to the value of |A1| and m.
(1) Suppose |A1|=1 andm=2. LetA1={w}. Sincew is a cut vertex of T, {u1}must be a
strong component of T −w, sinceAm is strong andw is a cut vertex ofT. ThusAm ⇒ u1 and
w ⇒ Am ⇒ u1 ⇒ w. Let Am = {vm,1, vm,2, . . . , vm,n−2} and let vm,1vm,2 · · · vm,n−2vm,1
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be a directed hamiltonian cycle of Am. So −(T ) = d−(w) = 1, +(T ) = d+(u1) = 1,
L= {vm,1, u1, w} is an almost transitive subtournament, p = 2, l = p + 1.
Q = {vm,2, vm,3, . . . , vm,n−2} is a transitive subtournament of T since otherwise there
exist two vertices vm,i and vm,j with 2 i < jn−2 such that vm,j ⇒ vm,i and vm,i−1 ⇒
vm,j , thenT can be partitioned into two vertex-disjoint cycles 〈w, vm,1, . . . , vm,i−1, vm,j+1,
. . . , vm,n−2, u1〉 and 〈vm,i, vm,i+1, . . . , vm,j 〉, a contradiction.
(2) Suppose |A1|=1 andm3. LetA1={w}. Sincew is a cut vertex ofT,A2={v2} ⇒ u1.
So, v2 ⇒ T − {w, v2}. It is clear that v2 is not a cut vertex of T, and {v2} is the ﬁrst strong
component of T − w. We can replace u1 by w, Claim 1 is true.
(3) Suppose |A1|3. We assume w in A1 is a cut vertex of T. The strong components
of A1 − w can be ordered, say as A1,1, A1,2, . . . , A1,k , so that A1,i ⇒ A1,j whenever
1 i < jk, where k1. We get A1,1 ⇒ u1, since w is a cut vertex of T. It follows that
A1,1 ⇒ T − w − A1,1 and A1,1 is the ﬁrst strong component of T − w. We replace u1 by
w and repeat the course as above. Since A1,1 is a subtournament of A1 and A1 is ﬁnite, we
can ﬁnally choose a new cut vertex u1 so that the ﬁrst strong component of T −u1 contains
no cut vertex of T. 
By Claim 1, we assume that A1 does not contain a cut vertex of T. The remainder of the
proof is divided into three cases according to the value of |A1|. In these cases, we only show
−(T )2 and we will prove +(T )2 later.
Case 1: |A1| = 1.
We assumeA1={v1} =u+1 . Since v1 is not a cut vertex ofT, we have u1 ⇒ v2. d−(v1)=1
as v1 ⇒ T − {v1, u1} and u1 ⇒ v1. Thus −(T )= 1.
Case 1.1: |Am| = 1.
Let Am = {vm}, where vm = u−1 .
If u1 ⇒ vm−1, then vm is a cut vertex of T since {vm−1} is a strong component of T −vm.
Since T − vi , 2 im − 1, has a hamiltonian cycle v1v2 · · · vi−1vi+1vi+2 · · · vmu1 then
v2, v3, . . . , vm−1 are not cut vertices. By Claim 1, v1, v2, . . . , vm−1 are not cut vertices of
T. It follows that l = p = 2. Put L= 〈vm, u1〉 andQ= T −L= 〈v1, v2, . . . , vm−1〉. L and
Q verify (2) of the theorem.
If vm−1 ⇒ u1, then similar as above we may show that T has a unique cut vertex u1. So
l=p= 1. Put L=〈u1〉 andQ= T −L=〈v1, v2, . . . , vm−1, vm〉. L and Q verify (2) of the
theorem.
Case 1.2: |Am| = 3.
Let Am = {vm, vm+1, u−1 }, and vmvm+1u−1 vm be a directed hamiltonian cycle of Am.
If |R| = 1, then u−1 ⇒ u1, u1 ⇒ vm and u1 ⇒ vm+1. u−1 is another cut vertex of T since{vm+1} is a strong component of T − u−1 . vm+1 is the third cut vertex of T since {vm} is
a strong component of T − vm+1. Similar as above, v1, v2, . . . , vm are not cut vertices of
T. So p = l = 3. Put L= 〈vm+1, u−1 , u1〉 andQ= T − L= 〈v1, v2, . . . , vm〉, which again
verify (2) of the theorem.
If |R| = 2, then R = {vm, u−1 } or R = {vm+1, u−1 }.
(1) Suppose R = {vm, u−1 }. That is u−1 ⇒ u1, vm ⇒ u1 and u1 ⇒ vm+1. As T −{vm+1, u−1 } ⇒ vm+1, it follows that u−1 is a cut vertex of T. It is easy to see that v1, v2, . . . ,
vm, vm+1 are not cut vertices of T. So p = l = 2. Put L = 〈u−1 , u1〉 and Q = T − L =〈v1, v2, . . . , vm+1〉, which verify (2) of the theorem.
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(2) SupposeR={vm+1, u−1 }. That isu−1 ⇒ u1, vm+1 ⇒ u1 andu1 ⇒ vm. vm+1 is another
cut vertex of T since {vm} is a strong component of T − vm+1. Clearly, v1, v2, . . . , vm−1,
u−1 , vm are not cut vertices. So p= l=2. Put L=〈vm+1, u1〉 andQ=T −L=〈v1, v2, . . . ,
vm−1, u−1 , vm〉, which verify (2) of the theorem.
If |R|=3, it is evident that u1 is a unique cut vertex ofT. Sop=1. PutL=〈u−1 , u1〉 (l=2)
andQ= T − L= 〈v1, v2, . . . , vm, vm+1〉, which again verify (2) of the theorem.
We note that u−1 is not a cut vertex of T, although u
−
1 ∈ L. If u−1 ∈ Q, then Q is not
transitive since Q contains a triangle. Thus l = p + 1.
Case 1.3: |Am|4.
Claim 2. Am contains atmost two consecutive verticeswhich dominateu1, i.e., 1 |R|2.
Proof of Claim 2. Let vm,1vm,2 · · · vm,rvm,1 be a directed hamiltonian cycle of Am with
r4. For any vertex in R, say vm,j . If (vm,i, vm,j+1) ∈ E(T ) for some vm,i ∈ Am −
{vm,j , vm,j+1, vm,j+2}, then
vm,ivm,j+1vm,j+2 · · · vm,i−1vm,i and
u1v1v2 · · · vm−1vm,i+1vm,i+2 · · · vm,j−1vm,ju1
are two vertex-disjoint cycles (here vm,1=vm,r+1, vm,2=vm,r+2), a contradiction. It follows
that vm,j+1 ⇒ Am − {vm,j , vm,j+1}.
If vm,j and vm,q are in R, then vm,j+1 ⇒ Am − {vm,j , vm,j+1} and vm,q+1 ⇒ Am −
{vm,q, vm,q+1}. It follows that vm,j and vm,q must be consecutive on the hamiltonian cycle
of Am. It gives that 1 |R|2. 
If |R| = 1, let vm,1 ⇒ u1 and u1 ⇒ Am − vm,1. If |R| = 2, by Claim 2 and without loss
of generality, we assume vm1 ⇒ u1 and vm,2 ⇒ u1.
Claim 3. vm,1 is a cut vertex of T and Am.
Proof of Claim 3. By the same proof as Claim 2, we have vm,2 ⇒ Am − {vm,1, vm,2},
which implies that vm,1 cuts the vertex vm,2 from Am − {vm,1, vm,2} and hence it is a cut
vertex of Am.
Since {u1, v1, v2, . . . , vm−1} ⇒ Am−vm,1, {u1, v1, v2, . . . , vm−1, vm,2} ⇒ Am−{vm,1,
vm,2}. There is not a directed path from Am − {vm,1, vm,2} to 〈u1, v1, v2, . . . , vm−1, vm,2〉.
Thus T − vm,1 is disconnected. It follows that vm,1 is a cut vertex of T. 
Note that from Claim 3, if Am does not contain a cut vertex of T, then |Am|3.
We denote the new cut vertex vm,1 = u−1 by u2. Let the strong components of Am − u2
be B1, B2, . . . , Bs so that Bi ⇒ Bj whenever 1 i < js. Clearly, vm,2 ∈ B1. By Claim
3, so u1 ⇒ Bs , Bs ⊂ Am and |Bs |< |Am|. Since Am is strong, u−2 = vm,r ∈ Bs . Bs is the
last strong component of T − {u1, u2}.
Since T cannot be partitioned into two cycles, |B1|= |B2|= · · ·= |Bs−1|=1.We assume
Bi = {vm+i−1} whenever 1 is − 1. It is evident that 〈v1, v2, . . . , vm+s−2〉 is transitive
and it contains no cut vertex of T.
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If |Bs |3, similarly to Cases 1.1 and 1.2, we can partition C into L and Q. Thus
we assume that |Bs |4. Deﬁne R′ = {y ∈ Bs | (y, u2) ∈ E(T )}. Similarly, u−2 ∈ R′
and by the hypothesis that T cannot be partitioned into two cycles, we have 1 |R′|2.
u−2 is a cut vertex of T and Bs . We denote u
−
2 by u3. So u1 ⇐ u2 ⇐ u3 and u1 ⇒ u3 since
u1 ⇒ Am−{vm,1, vm,2} and u3=u−2 ∈ Bs ⊂ Am−{vm,1, vm,2}. Let the strong component
of Bs − u3 be F1, F2, . . . , Ft so that Fi ⇒ Fj whenever 1 i < j t . We have |Fi | = 1
whenever 1 i t − 1, (u3)+Bs ∈ F1, u2 ⇒ Ft , Ft ⊂ Bsand |Ft |< |Bs |.
Repeating the proof above, we can ﬁnd out all cut vertices of T one by one. Denote
them by u1, u2, . . . , up. 〈up, up−1, . . . , u2, u1〉 is an almost transitive subtournament of
T. Similar to the note above, the last strong component of T − {u1, u2, . . . , up} contains
no more than three vertices. Again by an argument similar to Cases 1.1 and 1.2, we can
partition C into L and Q.
Case 2: |A1| = 3.
Let A1 = 〈xyz〉, and xyzx be a directed hamiltonian cycle of A1, where z= u+1 .
d−(x)2 since x ⇒ T − {x, u1, z}. Thus −(T )2.
When |S| = 1 (i.e. u1 ⇒ z, x ⇒ u1 and y ⇒ u1), z is another cut vertex of T since {x} is
a strong component of T − z. It contradicts the choice of u1. When S = {x, z}, x is another
cut vertex of T since {y} is a strong component of T − x. It contradicts the choice of u1.
When S = {y, z}, z is another cut vertex of T since {x} is a strong component of T − z. It
contradicts the choice of u1.
Thus we assume S = {x, y, z}. We consider |Am| similarly to Case 1. Let Ai = {vi}
whenever 2 im− 1. Thus C can be partitioned into L and Q. Q is a transitive subtour-
nament.Q= 〈x, y, v2, . . .〉. L= 〈. . . , u3, u2, u1, z〉 is an almost transitive subtournament
since z ⇒ T − {z, y, u1} and 〈. . . , u3, u2, u1〉 is an almost transitive subtournament. Now
z is not cut vertex of T, although z ∈ L. So lp + 1.
Case 3: |A1|4.
Let v1,1v1,2 · · · v1,q be a hamiltonian cycle of T1 with q4. By the hypothesis that T
cannot be partitioned into two cycles, if u1 ⇒ v1,i , we get A1 − {v1,i , v1,i−1} ⇒ v1,i−1.
Hencewe deduce that 1 |S|2.We assumewithout loss of generality that either S={v1,1}
or S = {v1,q , v1,1}. Then A1 − {v1,1, v1,q} ⇒ v1,q . It implies that there is not a direct path
from v1,q to A1 − {v1,1, v1,q} in T − {v1,1} and hence v1,1 is a cut vertex of T, contrary to
the hypothesis that A1 does not contain any cut vertex.
We have proved −(T )2 and we will prove +(T )2.
Let Tˆ be a tournament which is obtained from T by reversing the orientations of all arcs
of T. Thus +(T )= −(Tˆ ) and −(T )= +(Tˆ ). Clearly, Tˆ cannot be partitioned into two
cycles. So −(Tˆ )2. Thus +(T )= −(Tˆ )2.
This completes the proof of Theorem 4. 
Recall that p is the number of cut vertices of T. From the above proof, we deduce the
following.
Remark 1. The almost transitive tournament L is the set of all cut vertices of Twhen l=p.
If l = p + 2, all vertices of L are cut vertices of T except the ﬁrst vertex and the last vertex
of L. If l = p + 1, all vertices of L are cut vertices of T except either the ﬁrst vertex or the
last vertex of L.
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Remark 2. p n+12 .
To show this, following the proof of Theorem 4, each time we ﬁnd a new cut vertex of
T, we may ﬁnd a distinct non-cut vertex unless in Case 1.2 and when |R| = 1, we get one
non-cut vertex of T and two cut vertices of T in the strong triangle Am; and in Case 3, when
we repeat the process, there is only one possible time that we get a strong triangle and have
a similar proof as Case 1.2 and |R| = 1.
Remark 3. |V (Q)|3.
Proof of Remark 3. If |V (Q)| = 0, then T = L = 〈u1, u2, . . . , un〉. As n6, u1u2u3u1
and u4u5 · · · unu4 are two vertex-disjoint cycles and span V (T ), a contradiction.
If |V (Q)| = 1, let Q= {v}, L= 〈u1, u2, . . . , un−1〉 and vu1u2 · · · un−1v is the directed
hamiltonian cycle C of T.
Supposeﬁrst thatn8.Whenv ⇒ u4, the twovertex-disjoint cyclesvu4u5 · · · un−1v and
u1u2u3u1 give a contradiction andwhenu4 ⇒ v, the two vertex-disjoint cycles vu1u2u3u4v
and u5u6 · · · un−1u5 give a contradiction.
If n = 6 (n = 7 resp.), we have u4 ⇒ v (u5 ⇒ v resp.) since if otherwise, vu4u5v and
u1u2u3u1 (vu5u6v and u1u2u3u4u1 resp.) are two vertex-disjoint cycles and span V (T ). So
u5 (u6 resp.) is a non-cut vertex ofT. Similarly, v ⇒ u2 and u1 is a non-cut vertex ofT. Since
u5 ⇒ T − {u4, u5} and T − {u1, u2} ⇒ u1(u6 ⇒ T − {u5, u6} and T − {u1, u2} ⇒ u1,
resp.), we putQ′ = 〈u5vu1〉 and L′ = 〈u2u3u4〉 (Q′ = 〈u6vu1〉 and L′ = 〈u2u3u4u5〉 resp.),
which verify all results of Theorem 4 and |V (Q′)| = 3.
Therefore we assumeQ={v1, v2} and denote by L=〈u1, u2, . . . , un−2〉 and by v1v2u1
u2 · · · un−2v1 the directed hamiltonian cycle C of T.
If n8, then un−4 ⇒ v2 since if otherwise, the two vertex-disjoint cycles v1v2un−4un−3
un−2v1 and u1u2 . . . un−5u1 span V (T ), a contradiction. It follows that un−3 ⇒ v1 since
if otherwise the two vertex-disjoint cycles v1un−3un−2v1 and v2u1u2 · · · un−4v2 give a
contradiction. This implies that un−2 is a non-cut vertex of T. If v2 ⇒ un−2, we get a
contradiction by the two vertex-disjoint cycles v1v2un−2v1 andu1u2 · · · un−3u1. Sowe have
un−2 ⇒ v2 and un−2 ⇒ T −{un−2, un−3}. PutQ′ = 〈un−2v1v2〉 and L′ = 〈u1u2 · · · un−3〉,
which verify all results of Theorem 4 and |V (Q′)| = 3.
Ifn=6, similarly to the proof above,wehaveu4 ⇒ v2 andv1 ⇒ u1. Sou4 ⇒ T−{u3, u4}
and T − {u1, u2} ⇒ u1. If u1 and u4 are cut vertices of T, then v1 ⇒ u3 and u2 ⇒ v2,
which give two vertex-disjoint cycles v1u3u4v1 and v2u1u2v2, a contradiction. Thus either
u1 or u4 is not cut vertex of T. Without loss of generality, we assume u4 is a non-cut vertex
of T. Then putQ′ = 〈u4v1v2〉 and L′ = 〈u1u2u3〉 which verify all results of Theorem 4 and
|V (Q′)| = 3.
If n = 7, similarly, we have u5 ⇒ v2, u4 ⇒ v2, v1 ⇒ u1 and v1 ⇒ u2. Thus
u5 ⇒ T − {u4, u5} and T − {u1, u2} ⇒ u1. If u5 and u1 are cut vertices of T, we
can obtain v1 ⇒ u4 and u2 ⇒ v2. It follows that v2 ⇒ u3 and u3 ⇒ v1. Since
v1u4v2u1u2u3v1 is a directed hamiltonian cycle of T − {u5}, u5 is not cut vertex of T,
contrary to the assumption. Thus at least one of u5 and u1 is not a cut vertices of T. We
put either Q′ = 〈u5v1v2〉 when u5 is not a cut vertices of T or Q′ = 〈v1v2u1〉 when u1 is
not a cut vertices of T and L′ = T − Q′. Q′ and L′ verify all results of Theorem 4 and
|V (Q′)| = 3. 
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Remark 4. From the proof of Theorem 4, we know that the in-degree of the ﬁrst
vertex of Q is not more than two and the out-degree of the last vertex of Q is not
more than two.
Proof of Theorem 6. We will prove Theorem 6 by induction on k.
If k = 1, the theorem is trivial. We suppose k2. Now, we assume that Theorem 6
is true for partitioning T into k − 1 vertex disjoint cycles. As n9k − 414,
TT0.
Suppose, to the contrary, T cannot be partitioned into k vertex disjoint cycles. By the
induction hypothesis, T can be partitioned into k − 1 vertex disjoint cycles, say C1,
C2, . . . , Ck−1. We denote C = {C1, C2, . . . , Ck−1}, |V (Ci)| = ni and the number
of cut vertices of Ci by pi , whenever 1 ik − 1, with n1 + n2 + · · · +
nk−1 = n.
We put
F1 = {Ci ∈ C |ni11}, F2 = {Ci ∈ C | 6ni10 and 〈V (Ci)〉T0},
T= {Ci ∈ C | 〈V (Ci)〉 ∼= T0} and H= {Ci ∈ C |ni5}.
Let |F1| = f1, |F2| = f2, |T| = t and |H| = h. So F1 ∪ F2 ∪H ∪ T = C and
f1 + f2 + t + h= k − 1.
By Theorem 4, for an arbitrary cycle Ci ∈ F1 ∪ F2, we can partition it into a
transitive subtournament Qi and an almost transitive subtournament Li . Let |V (Qi)| =
qi and |V (Li)| = li . From Remark 2, we have pi ni+12 . Thus qi + li = ni , li
pi + 2 ni+52 and qi ni−52 . Let ai and bi be the ﬁrst vertex and last vertex of
Qi . We let Qi = Qi − {ai, bi}. If Ci ∈ F1, then |V (Qi)| = qi − 2 ni−92 .
If Ci ∈ F2, then |V (Qi)|3 by Remark 3, which implies that |V (Qi)| =
qi − 21.
If 〈V (Ci)〉 ∼= T0, pick up an arbitrary vertex wi of Ci and put Qi = {wi}. Since T0 is
2-connected, 〈V (Ci)− wi〉 is strong.
PutQ′ = 〈⋃Ci∈F1∪F2∪TV (Qi)〉.
Claim 4. Q′ is a transitive subtournament of T.
Proof of Claim 4. Suppose, to the contrary, Q′ contains a cycle C′. EachQi is a non-cut
vertex set of Ci and a transitive subtournament. Thus, C′i which is obtained from Ci by
deleting an arbitrary vertex subset ofQi is strong.
Let C′i = Ci − C′. So we can partition T into k cycles
{C′i |Ci ∈F1 ∪F2 ∪T} ∪H ∪ {C′},
a contradiction. 
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By Claim 4, we have
q |V (Q′)| =
∑
Ci∈F1∪F2∪T
|V (Qi)|
=
∑
Ci∈F1
|V (Qi)| +
∑
Ci∈F2
|V (Qi)| +
∑
Ci∈T
|V (Qi)|

∑
Ci∈F1
ni − 9
2
+ f2 + t
= 1
2
∑
Ci∈F1
ni − 92f1 + f2 + t
= 1
2

n−
∑
Ci∈F2
ni −
∑
Ci∈T
ni −
∑
Ci∈H
ni

− 9
2
f1 + f2 + t
 n
2
− 5f2 − 72 t −
5
2
h− 9
2
f1 + f2 + t
 n
2
− 9
2
(f1 + f2 + t + h)
= n− 9k + 9
2
.
This contradicts the hypothesis of Theorem 6 and completes the proof. 
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